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INTRODUCTION 
It has been suggested in a series of recent papers [I, 23 that new topological 
features of Feynman graphs can be brought to light if we decompose the 
Feynman propagators into positive and negative energy parts. In this case, 
only the relative time ordering between neighboring vertices becomes impor- 
tant. A Feynman diagram with n vertices and hence n - 1 Fermion propa- 
gators breaks up into 2+l Feynman patterns. However, in field theory the 
relative time ordering of any two vertices, whether neighboring or not is 
significant giving rise to n! diagrams. One is naturally tempted to pose the 
following combinatorial problem: 
What are the field theoretic diagrams corresponding to a particular pattern 
and what is their number? 
The above problem was considered by Ramakrishnan [2] when n, the 
number of vertices, is < 5. In this paper a general solution to the problem is 
obtained by introducing suitable notation for field theoretic diagrams and 
Feynman patterns and identifying a pattern with a composition of the 
integer n familiar in combinatorial analysis. 
2. NOTATION FOR FIELD THEORETIC DIAGRAMS AND THE 
FEYNMAN PATTERNS 
Let us consider a Feynman diagram with n vertices, numbered 1,2,... n and 
(n - 1) internal Fermion propagators. Confining to scattering states only, 
a field theoretic diagram is given by a graph shown in Fig. l(a) where (q ..* u,J 
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is a permutation of 1,2 , . ..n and one in the increasing direction of time. Hence 
any field theoretic diagram is represented uniquely by a permutation 
1, 2,... n 
and there are n! of them. 
Before we consider in detail the combinatorial problem we establish that 
Feynman patterns are in fact ‘compositions.’ A composition of an integer n 
is defined by an ordered sequence of positive integers whose sum is ?z and 
is represented by what in combinatorial analysis is called a Macmahon graph. 
Now consider a composition p, , p, ,..., p, whose Macmahon graph (Zig-Zag 
graph) is given in Fig. l(b) with p, nodes in the first row, p, nodes in the 
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FIG. 1 
second row such that the first node of the second row is vertically down the 
last node of the first row and so on. In Fig. l(b) the number against each row 
indicates the number of nodes in it. If we join the nodes by horizontal and 
vertical lines weget immediately aFeynmanpattern in which thep,th (p, + p,)th 
**- (pl +p, *** + p,,,-,)th arms are vertical and identified as the negative 
energy arms of a Feynman pattern and the rest are horizontal and positive energy 
arms. This identification is immediately seen to be not trivial by the fact 
that there are 2+l Zig-Zag graphs which is also the number of Feynman 
patterns for a given n thus establishing a one-to-one correspondence between 
them. Thus in a zig-zag diagram corresponding to a Feynman pattern 
horizontal line segments correspond to positive arms and vertical line seg- 
ments correspond to negative arms. Further, if pi = 1 then the 
(pl + **a + p,)th vertex is on the negative energy arm. Otherwise it would 
have been on a positive energy arm connected by a negative energy arm. 
However, the rest of the points are on the positive energy arms. 
3. SOLUTION OF THE COMBINATORIAL PROBLEM 
Consider all the n! field theoretic diagrams having n vertices. For purpose 
of illustration let us consider an arbitrary field theoretic diagram given by 
the permutation [2 4 3 1 7 8 5 61 when n = 8. As in a Feynman pattern only 
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the time ordering between neighboring vertices becomes important; the 
Feynman pattern to which this field theoretic diagram corresponds is 
obviously obtained by counting 1 2 3 *** in the increasing order in such a way 
that we always move from left to right in the permutation and group these 
integers together. Thus, for the example, we obtain the groups (1) (23) (456) 
(78). Now writing down a succession of integers which specify the sizes of 
these groups, proceeding from left to right, we arrive at a composition of n. 
For the example this composition is given by (1232) with its Zig-Zag graph in 
FIG. 2 
Fig. 2. Thus we can say that a field theoretic diagram under consideration 
belongs to the Feynman pattern given by (1232). Hence the enumeration 
problem reduces to finding all those field theoretic diagrams (permutations) 
that belong to the same given Feynman pattern (composition) in the above 
sense which answers the first part of the problem. 
Before we actually tackle this problem, we also note that the field theoretic 
diagram obtained by inverted permutation in the above example belongs to 
the Feynman pattern 22 1 2 1, which is the Feynman pattern obtained by 
reading a Zig-Zag graph vertically down (see Fig. 2). Further, if we substitute 
for the number i in the permutation the number n - i + 1 in the example 
we obtain (7 5 6 8 2 1 4 3). This associated field theoretic diagram belongs to 
the Feynman pattern (1 2 1 22), which is the inverted conjugate Feynman 
pattern. Finally, by inverting the associated field theoretic diagram of the 
example we obtain a field theoretic diagram which belongs to the Feynman 
pattern (2 3 2 l), conjugate to the pattern (1 2 3 2) (see Fig. 2). 
Thus for a single field theoretic diagram we derive three other field theore- 
tic diagrams, and the four associated Feynman patterns are those derivable 
from a single Zig-Zag diagram by the four modes of reading it. Hence, it is 
clear that the number of field theoretic diagrams that belong to all the above 
four Feynman patterns obtained by reading a Zig-Zag diagram in the four 
ways are the same. Further, in two cases the four Feynman patterns may 
shrink to two viz. (i) when the Feynman pattern is self inverse and (ii) when 
the conjugate pattern and the inverse pattern are the same. So, Feynman 
patterns may be grouped in lots of either 2 or 4. [See [3], 189). 
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The solution to the combinatorial problem is quite wellknown and reduces 
to finding the number N(p, q, I,...) of permutations that correspond to the 
compositionp, 9, r 1.. . However, for completeness, we outline its derivation. 
Obviously, N(a) = N(n) = 1, f or it is only when the numbers are in 
ascending order that the associated Feynman pattern is n. Next let us con- 
sider the case of N(a, b). The Zig-Zag graph is given in Fig. 3. Now, let us 
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FIG. 3 
choose “a” points from n points in a straight line. This can be done an n% 
ways. If we designate the “a” points so chosen by (1,2,... a) and the remain- 
ing by(a + l,... a + b) we obtain n% field theoretic diagrams that are enumer- 
ated by iV[a, b] and N[a + b]. 
Hence, 
w + 4 + N[a, b] = -& . . 
or 
N[u,b] =-& 1. 
. . 
Similarly, to find N(u, 6, c) when a + b + c = n, we separate n points given 
on a straight line into three groups each containing a, b, and c points. This 
can be done in n!/u!b!c! ways. Designating the points in the first group by 
1, 2,... a, the points in the second group by a + I,... a + b and the points in 
the third group by a + b + l,... a + b + c, we obtain the field theoretic 
diagrams enumerated by 
ma, 6, Cl, w + b, Cl, w% b + Cl, w + b + cl. 
Hence 
m, h cl + N[u + h cl + N[4 b + cl + N[u + b + cl = & hl . . 
or 
w, h cl = & - nl . . . (a + b)! c! - a! & c)! + (a + “b! + c)! 
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Similarly, we find 
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N[a, b, c, d] + N[u + b, c, d] + N[a, b + c, d] + N[u, b, c + dl 
+ N[a + b, c + 4 + N[a + b + c, 4 + N[a, 6 + c + 4 
+ N[Q + b + c + 4 = u, ,:;, d, [&I . . . . 
or 
w, h CY 4 = u, ,:y, (j, - cu + ;;! Cl (j, - n! . . . . . . a! (b + c)! d! 
n! n! 
- a! b! (c + d)! + (a + b)! (c + d)! 
?l! n! 
+ a! (b + c + d)! - (u + b + c + d)! 
+ (a + bn: c)! d! 
dei 
n’ 
+ 
1 
! 
(u : b)! 
1 
b! 
1 
1 
(a + b + c)! 
(b : c)! 
1 
c! 
1 
(a+&-+4 
(b + f’+ d)! 
(c : d)! 
1 
d! 
I 
Obviously, in a general case addition of 2, 3, 4... at a time occur in all 
possible ways between the numbers a, b, c, d..., provided that the numbers 
are always in the order a, b, c, d... . From the expression for N[u, b...] in 
terms of u, b... given above it is obvious that by using the principle of inclu- 
sion and exclusion, we obtain generally 
Nk I...> a,] = c (- 1)%-r 
Pa. ..&I 
’ @, + ‘-’ + uk,)! (ukl+l + “- 
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where [A, , K, **a A,] is a composition of m. We also note that N[a, -.. a,] 
may be given by the determinant expression 
det 
n. I 
1 1 1 . . . 
a,! (a1 + a,)! (a, + a2 + a,)! 
l $ 
1 . . . 
(a2 + 4 
1 
1 
a,! 
. . . 
. 
Similarly, with the above notation as a generalization of equations A, , 
A, , we have 
When we take a, = us = -a- = air = 1, we have 
where now [k, ,..., k,] is a composition of 71. This shows that all the n! field 
theoretic diagrams belong to one or the other of the 2+1 compositions of n. 
Similarly, we can also prove by the same reasoning that 
This is known as a product formula. Further, this result can obviously be 
generalized to products of 3, 4... terms too. These formulas are useful in 
the study of the numbers N[u, b, c,...]. (See [3], Section 4, Chapts. 1 and 4). 
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